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THE WFECT OF PROPEUANT SLOSHING ON THE STABILITY 
OF AN ACCEL ED RIGID SPACE VEHICLE 

ABSTRACT 

The danger of unstable modes for spacecraft resulting from propellant 
sloshing is well known. 
control system can enhance the stability behavior of the vehicle if the 
gain values and sensor characteristics are properly chosen. 
results can be obtained from a simplified stability investigation of an 
accelerometer control ce vehicle with respect to propellant 
sloshing. In this pa the liquid was simulated by an 

. equivalent mechanical ting either of mass-spring-damper- 
systems or pendulum-d for each slos de and a nonsloshing 
mass with a moment of r simplificat y the propellant 

. sloshing in one tank . The influence of various parameters, 
such as raLio of sloshing propellant mass to total vehicle mass, natural 
slosh frequency, control frequency, control damping, gain factors of the 
attitude control system, accelerometer gain, its natural frequency, 
damping and location were investigated. The effect of elastic deformations, 
aerodynamic forces and the inertia of the swivel engines was not corrs€&ered. 
Half of the thrust was available for control purposes. 
first sloshing mode was considered, since higher mode mass ratios are 
considerably smaller than for the first sloshing mode, (except in four 
quarter tanks, where the mass of one other sloshing mode is of consider- 
able amount compared with that of the first sloshing mode). 

Additional artificial stabilization through the 

Very useful 

Only the dominant 

The stability boundary was determined in terms of the amount of 
damping of the propellant in the tank required for various tank locations 
(slosh mass location). 

The potential hazard in control due to propellant sloshing in space 
vehicles can be eliminated by proper choice of tank form (slosh mass ratio 
decrease and slosh frequency increase), proper selection of characteristics, 
location and gain value of the accelerometer, and as a last resort by 
baffles in the propellant tanks. q 
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DEFINITION OF SYMBOLS 

m mass of space vehicle 

F 

cp 

B 

XE 

kS 

ws 
a 

h 

sloshing mass 

lateral translation of rigid vehicle 

displacement of sloshing mass relative to the centerline of the 
tank 

thrust 

angle of rotation of rigid vehicle relative to inertial space 

gimbal angle of engines against centerline of the vehicle 

coordinate of gimbal point (measured positive from center of 
gravity towards tail of the vehicle) 

longitudinal acceleration of the vehicle 

slosh mass location 

moment of inertia of the vehicle about the center of gravity 

slosh damping (twice the amount of critical damping) 

square of the radius of gyration 

spring constant of slosh model 

natural circular sloshing frequency 

tank radius 

1 iquid height 

gain values of attitude control system 

gain value of accelerometer control system 

indicated acceleration perpendicular to spacecraft axis 

viii 
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PROPELLANT SLOSHING ON THE STABILITY 
ER CONTROLLED RIGID WAC CLE 

By Helmt F. Bauer 

S m Y  

Due t o  the danger of unstable modes for  spacecraft result ing from 
propellant sloshing, and since additional a r t i f i c i a l  s tabi l izat ion through 
the control system can enhance the s t a b i l i t y  behavior of the vehicle, a 
simplified s t a b i l i t y  investigation was  made of an accelerometer controlled 
r ig id  space vehicle with respect to propellant sloshing. 

l iquid was  simulated by an equivalent 
s - spr ing -damper - s 

7' de and a nonslo 
lant sloshing id one tank was  c 
ters was investigated. Half of the 

* thrust  was available for  control purposes. Only the dominant f i r s t  
sloshing mode was considered. 

The s t ab i l i t y  boundary was determined in  terms of the amount of 
damping of the propellant i n  the' tank required for  various tank locations. 

The potential hazard in  control due to  propellant sloshing can be 
eliminated by proper choice of tank form, proper selection of character- 
istics, location and gain value of the accelerometer, and as a l a s t  resor t  
by baffles i n  the propellant tanks. 

I. INTRODUCTION 

The dynamic response of the liquid propellant i n  the tanks of a 
spacecraft may lead to  saturation of the control system. The al leviat ion 
of t h i s  influence can be achieved in many ways: proper choice of tank 
form, tank location, gain settings of the control system and, f inal ly ,  as 
a l a s t  resor t ,  by the introduction of baffles. Additional a r t i f i c i a l  
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stabilization with angle-of-attack meter or accelerometer, which is used 
to alleviate the required control deflections of the gimbal engines, 
also has a strong influence on the stability of the craft due to sloshing. 
Very useful results can be obtained from a simplified stability investi- 
gation of an accelerometer controlled rigid space vehicle. The location 
and gain of an accelerometer and its vibrational characteristics, such 
as its natural frequency and damping, may enhance the stability character 
of the vehicle. In order to obtain a general knowledge of the influence 
of tank and accelerometer location, the interaction between the translation, 
pitching, and propellant sloshing is investigated. 
of the oscillating propellant in the tank are described by an equivalent 
mechanical model, consisting of a mass-point attached to a spring and 
damper for each sloshing mode and a fixed mass with a moment of inertia 
(Fig. 1). Since the effect of higher modes is very small, only the first 
mode of sloshing is considered in the analysis. This is justified by the 
fact that, in a circular cylindrical tank, the ratio of the sloshing 
mass to the propellant mass for the second sloshing mode is already 
smaller than three percent of the first sloshing mode. In a cylindrical 
tank with annular cross section, the second sloshing mode mass is,in the 
most unfavorable case of a diameter ratio of inner to outer diameter,less 
than 12 percent. In the quarter tank, however, the mass of the second 
sloshing mode is about 43 percent of that of the first mode. 
case, the second sloshing mode will have some influence and thus cannot 
be neglected. 
tank locations will be treated in another paper. 

I 

The forces and moments 

I 

In this 

This case and the treatment of two-tank sloshing at various 

For further simplification, forces and torques due to aerodynamic 

The parameters 
or elastic deformations of the spacecraft were neglected. 
effects of the swivel engines were not considered. 
affecting the stability are: 
to the total mass of the. space vehicle, the natural slosh frequency, the 
control frequency, the control damping, the gain factors of the attitude 
control and accelerometer control sensor and the location, the natural 
frequency and damping of the accelerometer. 
determined in terms of the amount of damping of the propellant in the 
tank required for various tank locations (slosh mass location). 

The inertial 

the ratio of oscillating propellant mass 

The stability boundary was 

1 

The effect of a real accelerometer was also investigated. In the 
cases where sloshfng was suppressed, the stability of the system was 
represented by the gain value of the accelerometer versus its location. 

As an illustration of these effects on the stability, a vehicle was 
chosen *ose dimensions are similar to the Saturn space vehicle. 
cases were treated: 

Four 

1. Stability analysis of an accelerometer controlled rigid space- 
craft including the effect of sloshing and considering a real accelerometer 
with certain vibrational characteristics. 



2. Stabi l i ty  analysis of an accelerometer controlled r ig id  space- 
c ra f t  including the effect  of propellant sloshing and considering the, 
accelerometer t o  be ideal. 

3. Stabi l i ty  analysis of a rigid spacecraft with real accelerometer 

a rigid spacecraft with ideal accelero-ter 
control (no sloshing included). 

11. EQUATIONS OF MOTION ANI) CONTROL EQUATION 

In  the following investigation, a l l  effects  due t o  aerodynamics, 
structural  deformations, and propellant flow through the tanks and 
pipelines (Coriolis effects) are neglected. Furthermore, the iner t ia l  
effects  of the swiveling engines are not considered. 
vehicle is tre 
The coordinate 
undisturbed sp 
by an inertial s 
gravitational f i 
i s  tangent to the standard flight path. 

A r ig id  space 
e the propellant i n  one tank is f r ee  to  oscil late.  
s i ts  origin i n  the center o€ gravity of the 
The accelerated coordinate system is replaced 
that the vehicle i s  considered in  an equivalent 

e x-coordinate of t h i s  i ne r t i a l  coordinate system 

The curvature of the standard f l igh t  trajectory is neglected. Ro 
motion i s  neglected and the investigation is  res t r ic ted  t o  the inter-  
actions of translational and pitching motion and the propellant oscil lations.  
For the sake of simplicity, the "disc motion", which describes the motion 
of the propellant i n  a completely f i l l e d  and closed tank (solidified f r ee  
propellant surface), and the compliance of the gimbal engines are neglected. 
Furthermore, it is assumed that half of the thrust  i s  available for  control 
purposes. The equations of motion are  then: 

1. 

mj; + m, Es = F((p + 4s) (1) 

where m represents the to ta l  mass of the spacecraft, ms the sloshing mass 
of the f i r s t  propellant mode and F the to ta l  thrust. on the 
right hand side of Equation (1) i s  due to the fac t  that  only half of the 
thrust  is  available to  be gimballed. 
mass % re la t ive  t o  the centerline of the tank is represented by 
the engine deflection by f3. 

The factor 

The displacement of the sloshing 
and 
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2. Equation of Pitchinp Motion 

Ieff represents the effective moment of inertia of the vehicle about its 
center of gravity. It can be written as: 

Ieff = [x2 mi dx + s I& dx + mo xg + I, + ms xg I mk2 (24 

The distance of the swive1,point of the gimbal engine from the 
origin is 
frame, I:, its geometric moment of inertia, m, the fixed (nonsloshing) 
mass of the propellant, which is located at the station xo, Io is its 
moment of inertia about its center of gravity and xs is the location at 
which the sloshing propellant mass point is placed. 
gyration of the vehicle is represented by k. 

3. Equation of Propellant Motion 

represented by XE, mA is the mass per unit length of the air 

The radius of 

m,&+ ws 7s ms is + k, 5s - ms xs $I - gm, cp + ms j ;  = 0 (3) 

y is the natural circular frequency of the first propellant mode, 7s is 
the damping factor of the propellant and k, is the spring constant of the 
equivalent mechanical model, describing the fluid motion in the tank 

(5 = L&) . For a cylindrical tank of circular cross section, the natural 

frequencies are 
mS 

where the radius of the tank is a, h is the propellant height and g is 
the longitudinal acceleration of the vehicle, En are the roots of the 
first derivative of the Bessel function of first order and first kind 
(Ji (k) = 0 )  (Fig. 2). The mass ms of the sloshing propellant is 
obtained from: 

2 tanh (a k) 
m n = m p  

n = 1,2,3----) 

where 9 is the mass of the propellant in the tank,(Fig. 4). 

k of inner-to-outer tank, the natural frequencies of the propellant are 
(Fig. 2a) 

For a cylindrical tank with annular cross section and diameter ratio 



(n = 1,2,3----) 

whe 

= o  

5 

The mass m, of the sloshing propellant is  obtained from (Fig. 5) 

fo r  n = 1 where'mp is the mass of the propellant in the tank and 

and 

For four cylindrical quarter tanks with radius a and f i l l e d  with l iquid 
t o  a height h, the natural frequencies of the propellant are: (Fig. 3) 

(m = 0,1,2----) 
I 

where 43311 are the roots of J, (& = 0. 
propellant is  obtained from 

The mass of the sloshing 

i 
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(n = l,2,3----) 
(m = 0,1,2----) 

{ ~ 2 m  (Enm) , 2 1 
(4m2 - 1) ern J2m + 21.1 + 1 

L p=0 J 

for n = m = 1 where mp is the mass of the propellant in the tank. 
can be seen that other modes cannot be neglected, (Fig. 6 )  because 
mlo = 0.43  mll. 

It 

4 .  Control Equation 

B =  ao CP+ a1 @ +  g2Ai ( 4 )  

This equation represents the idealized control equation, relating the 
attitude angle cp and the indicated acceleration Ai of the accelerometer 
perpendicular to the spacecraft axis. Derivatives of p which produce 
increasing phase lags with increasing frequency have been neglected 
and are not important for the basic argument. 
accelerometer is represented by g,. 

The gain value of the 

5 .  Accelerometer Equation 

where c.as is the natural circular frequency of the accelerometer, ca is 
the damping of the accelerometer and xa is its location. If the 
accelerometer is considered ideal (wa >>1) its equation reads 

(5 a) 
.. Ai = y - X, @ -‘gcp 

By substitution of the control deflection B and the accelerometer 
equation into the equations of motion, the following set of linear 
homogeneous differential equations is obtained. 

y - 7 (ao c p +  al 6) - gcp+ 1.1 cs - - h ~ i  = o .. 
( 6 )  

*. g 
2 

(9) 

i 
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where 

inal acceleration 

the sloshing mass to the'total vehicle ma 

of the swivel engine gimbal point to the 
ty of the vehicle (origin) 

h = gg, is a gain parameter of the accelerometer. 

111. STABILITY POLYNOMIAL 

Assuming solutions of the differential Equations 6 ,  7, 8 ,  and 9 with 
the time dependency est, where s is a complex number, the stability 
polynomial can be obtained. 
transformed into a set of linear homogenous algebraic equations, of 

The above differelitial equations are 

ients must be zero in order to have o 

h 
2 

- -  

xa s2+ g 2 
-S  

= 0 (10) 

1. Stability Analysis of Accelerometer Controlled Craft Including 
the Effect of Sloshing and Employinn a Real Accelerometer 

Employing a real accelerometer with a natural circular frequency 
% and a damping factor 
evaluation of thfs determfnant leads to a sixth degree polynomial. 

results in the determinant (10). The 

A, s 6  + A, s5 + A, s4  + A, s3 + A, s2 + A, s + A, = 0 (11) 
4 

of which the coefficients Ah. . (h= 0,1,2, .... 6 )  can be written with 

n 
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gxE a O  

2 2k 

as the square of the  c i r cu la r  control  frequency (frequency of the p i t c h  
mode) and 

a 1  - - 2 ! k  a0 ( 1 3 4  
42 

where cc i s  the control damping and xa i s  the  accelerometer l o c a t i o n -  

where the abbreviations kA (A = O,l, ... 18) are functions of the  s losh 
mass r a t i o ,  the control frequency, the control damping, the accelerometer 
gain value, i t s  locat ion and i t s  v ibra t iona l  cha rac t e r i s t i c s ,  the s losh 
frequency the a t t i t u d e  gain values,  the  dis tance from the gimbal point  t o  
the center of gravi ty  of the vehicle  and the radius of gyration of the  
spacecraft .  Their respect ive value6 are: 

4 

i. 



E '  

k, = 

k, 

+ 

+ 

- 

k, = 

k, = 

+ 

k, = 

9 

A 
2k 2 kE 2k2 

2k 
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of the sixth degree polynomial (n = 6) are real. 
icient conditions for stability are (Ref. 6) : The necessary 

1. The coefficknts %, h-,, A n m s . .  > 0 

A,, A, > 0 if n i s  even 

i f  n is  odd 

2. The Hurwitz determinants 

rH, > o i f  n i s  even1 I 

This i s  for a sixth degree polynomial (n = 6) 

A,, A,, A,, A,, A, > 0 (15) 

H,, H3 > o  (16) 

3 
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which i s  

H5 = 

H 3  = 

A 5  

0 

0 

0 

A 5  

0 

A 3  

A 4  

A 5  

0 

A 3  

A 4  

A5 

A, 

A 2  

A 3  

0 

A0 

A, 

A 2  

A 3  

0 

0 

0 

A0 

A, 

This means tha t  a l l  roo t s  s =  u + i w  have a negative real pa r t .  The 
conditions (T = 0 represent the dividing boundary between s t a b i l i t y  
(damped osc i l l a t ion )  and i n s t a b i l i t y  (diverging osc i l l a t ions ) .  The 
boundary of the  s t a b i l i t y  region i s ,  therefore ,  

H5 = 0, A, = 0 (dynamic s t a b i l i t y )  (1 7) 

(Ao = 0 s t a t i c  s t a b i l i t y )  

It can be seen, t ha t  A, = 0 (xs = f qm) represents  i n  the  
) plane s t r a i g h t  boundaries parallel  t o  the  ys-axis: 

3 c  cy. The Hurwitz determinant H, = 0 can be represented 

It i s  (xsys 

xs 

i n  form of 

co(xs) + Cl(Xs) Ys + c2(xs) Ys2 + c3(xs) Ys3 + c*(xs) 7: + c5(xs) 72 = 0 

and the  C A  (x,) (A = O , l ,  .... 5) are polynomials i n  xs. From Equation 18 
the  in te rsec t ion  points.with the xs-axis of the  s t a b i l i t y  boundary curve 
can be obtained by taking ( y s  = 0) and solving the  equation f o r  xs: 

. 
co(xs> = 0 

S t a b i l i t y  i s  achieved f o r  a l l  points  (xs 35)  above the boundary 
curve. 
the  r e s u l t s  of A, = 0. 
these boundaries, i . e . ,  above the  s t a b i l i t y  curve, l e f t  of the  r i g h t  
boundary of A, = 0 and r i g h t  of i t s  l e f t  boundary. 

The s t a b i l i t y  boundary breaks off a t  the  l e f t  and r i g h t  due t o  
Therefore, s t a b i l i t y  i s  only exhibited ins ide  

Sometimes these 4 1  

4 :  
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..I 

latter boundaries are  outside the spacecraft and are, therefore, due t o  
the physical insignificance not indicated. 

2. Stab i l i t y  Analysis of an Accelerometer Controlled Vehicle 

1, 2, 3, 4, and 5a i n  a fourth degree polynomial 

i i . 4 ~ ~  + li+= + A s 2  + A,s + .Ti, = o (19) 

of which the coefficients A?, (A = 0, 1, 2, 3, 4) can be wri t ten w i t h  
Equation 12 and 13 

A, = E, + L, 'Ys 
- *  

li, = E3 + E* 7s + i;s xg 

A, = E9 + El0 xs + E,, x;9" 
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(A - 2) 
- 
k 1 1 -  2 

The necessary and sufficient conditions for stability (n = 4) are that 

1. A,, A,, A, 0 

2. H 3 > O  

which is 

4 

'1 
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The s t a b i l i t y  boundary is obtained from H 3  = 0 
- 
A, = 0 (21) 

(22) 

which is (because Its are presented in  the (xs, ys)  plane) 

(k+ + k2 xs + k3 xs2) + (k4 + k, xS + k6 xs2> 7s 

+ 7; (k7+ k, xg + x a  + 7: = 0 (23) 

with 

It can be seen that  A, = 0 represents s t ra ight  boundaries para l le l  
t o  the yS-axis. These strai boundary l ines  are represented by the 

+ k 2  p2 (1 - 3) + h 3  xa 
2 P ( l  - p - P)]} 

From Equation 13 the intersec 
curve can be obtained by taking 7s = 0 and solving the quadratic 
equation i n  xs. 

on points of the s t a b i l i t y  boundary 
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S t a b i l i t y  i s  achieved f o r  a l l  points  ('ys, xs) above the boundary 
curve. 
t h e  r e s u l t s  of r e l a t i o n  21. Therefore, s t a b i l i t y  i s  only achieved 
ins ide  these boundaries, i . e . ,  above the  s t a b i l i t y  boundary due t o  
Equation 23 and l e f t  of the r i g h t  boundary of Equation 21 and r i g h t  t o  
the  l e f t  boundary of Equation 21. 
are outs ide  the spacecraf t  and are, therefore ,  not indicated. 

The s t a b i l i t y  boundary breaks off a t  the  l e f t  and r i g h t  due t o  

Sometimes the  boundaries of Equation 21 

3. S t a b i l i t y  Analysis with Real Accelerometer Control (Sloshing 
Not Included) 

The employment of a r e a l  accelerometer with the  na tura l  c i r c u l a r  
frequency w, and the  damping f ac to r  ($ r e s u l t s  i n  the  equations 

.. 
Y -  

+ +  

B =  
.. 

gcp - y g B = o  

which a re ,  with the introduction of the  control  Equation 27, 

They can be obtained from Equations 6, 7 and 9 by sett,-tg the s loshing 
m a s s  r a t i o  p = 0 and leaving out t he  s losh  Equation 8. 

Assuming again solut ions of the  form est, where s = u + i w  i s  a 
complex number, the  s t g b i l i t p  polynomial can be obtained from the 
determinant. 



h 
2 

- -  S 2  - 5 (2 + a. + a1 s) 

S E  (a0 + 81 s) A - XI3 

2k * 2k2 

-+ s2 = s + 1  
4 t r l p  

0 s* + 

2 -S 

and is of the fourth deg 
II A, s +z, = 0 

. 

17 

= o  

'(32) 

The stability boundary is presented such that the magnitude of gain 
of the accelerometer is determined versus 
Writing 

where is the dist of the center 
the center of gravity o 
( A =  0, 1, 2, 3, 4) are 

spacecraft . 

the accelerometer location. 

(33) 

of instantaneous rotation to 
The coefficients Xh 

I abbrwiations rkh are the functions of the control frequency, 
damping and the vibration characteristics of the accelerometer. 
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The s tab i l i ty  boundary can f ina l ly  be expressed< in  (A, CD plane by 
I the equation 

ko + Nc1 (1 + d) + A2 k2 (1 + + A3 k 3  (1 + d) 0 (35) 

where 

It can be seen from ko that the Waxis ( A  = 0) i s  in  the stable 
region. 

4. Stabili ty Analysis with Ideal Accelerometer Control (Sloshing 
Not Included) 

The case treating the s t ab i l i t y  with an ideal accelerometer can 
be obtained either by the Equations 25, 26, 27, and 5a or by working 
.I 
1 - = 0 in  the previous case. 
w, 

The s t ab i l i t y  polynomial i s  of second degree 

A 2  s 2  + A 1  s + A 0  = 0 (36) 
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with 
k, + k, A (1 + 
k,+ k, A (1 + 

he= 1 - (1 + 4 
2 

i t y  boundary cum obtained 

and represents a hyperbola. 

The values kh are 

I -  
k,= -& * 

(3 7b) 

(3 7 4  

from A, = 0 and reads 

with these values the stabizity boundaries A, = A= = 0 are seen to be 
identical 

l + a !  

The (Z-axis, (h = 0) lies in the stable region. 
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4 4  
IV. APPLICATION 

The influence of the various physical parameters on the stability 
behavior of the vehicle is treated numerically by considering a Saturn 
type vehicle with the dimensions 
radius of gyration of k‘ - 2.513 x lO’(in~h)~. 
vehicle was taken to be 2300 inches with the center of gravity (origin 
of coordinate system) being 500 inches from the base of the craft. In 
those cases, where the accelerometer location was not changed it was 
chosen to be at xa = 
center of gravity 

XE = 500 inches and a square of the 
The length of the 

-240 inches, which is 240 inches forward of the 
of the space vehicle. 

The parameters are: 

11. X-a 

12. 5 

13. a, 

ratio of sloshing mass to total mass of the vehicle. 

distance of swivel point from the center of gravity of 
the spacecraft. 

radius of gyration of the vehicle. 

undamped circular control frequency. 

control damping ratio. 

first natural undamped circular slosh frequency. 

damping factor of propellant. 

circular undamped frequency of the accelerometer. 

accelerometer damping ratio 

product of longitudinal vehicle acceleration times 
accelerometer gain value g2. 

location of accelerometer measured from the center of 
gravity of the vehicle 
center of instantaneous ro tatiod 

(Xcr is the 

distance of the first sloshing mass from the center of 
gravity of the vehicle. 

gain value of the attitude control system. 

c 

4 

4 ’  



21 

Case 8: 

boundary of an accelerometer controlled vehicle with 
erometer can be seen in  this case. The motion of the 
essed. For an ideal  accel 

sented by the hyperbola 

2 
l + a  

is the ra t io  of the a c c e l e r m t e r  location to  the 
where absolute a value -* o tbe center of instantaneous rotation. For real 
accelerometers, the s t ab i l i t y  boundary is not chang& considerably, 
except t o  the amouut that the s t ab i l i t y  region is  s l igh t ly  decreased, i.e., 
the gain values = g.g2 experience only stable values for  smaller 
values than in the ideal  accelerometer case. 

The magnitude of range of the parameters i n  C a s e  A 4 given i n  the 
following Table I. 

I a a  

cbang- 
55 
12 
55 
12 
55 
12 

0. 7 
varies 
varies 

0.7 
0.7 
0.7 
0.7 

2 00 
2.0 
2 00 

varies 
varies 

2 00 
2.0 

L 1 Figures 

0.7 
0.7 
0.7 
0.7 
0.7 

var ies  
var ies  

Figure 7a 
Figtare 7b 
Figure IC 
Figure 7d 
Figure 7e 
Figure 7f 
Figrtre 7g 

It can be seen i n  Figure 7a that the ideal  accelerometer is hardly 
different  from the case of a real accelerometer with a circular  natural 
frequency of 60 radians/sec. A decrease i n  the natural frequency of the 
accelerolaeter a s l igh t  s h i f t  of the s t ab i l i t y  bouwlary, thus 
decreasing the e area sl ight ly .  Increase of the accelerometer 
damping factor 
decreases the s t ab i l i t y  area i n  the same sense as above, (Flgure 7b) for  
large accelerometer frequency ( Wa = 55) .  For s-11 accelerometer 
frequency ( w 
the s t ab i l i t y  region s l igh t ly  for very law damping valuss(qtl1 < a = 0.2) 
then decreases the region again- s l igh t ly  with increasing damping 
(Figure 7c). 
region for large and small accelerometer frequency, (Figurm 7d, e). 
For small accelerameter frequency, the decrease of the s t a b i l i t y  region 

from subcri t ical  t o  htgh supercr i t ical  *ing a l so  

- 12.0) increasing accelerometer damping first increases 

fa 
Increasing control frequency exhibits decreasing s t a b i l i t y  
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is s l igh t ly  more pronounced, since for  small control frequency, i n  t h i s  
case the s t ab i l i t y  boundary it  is already below the one with large 
accelerometer frequency. 
exhibits the same trends for both low and high accelerometer frequency. 
With increasing control damping, the s t a b i l i t y  region is  s l igh t ly  
enlarged, especially noticeable i n  the case of small accelerometer 
frequency. 
s t a b i l i t y ,  especially for  low accelerometer frequency. 

bending, the accelerometer should be located before the bending loop 
(where Y '  < 0 ). I n  a r i g i d  space vehicle the value is a l so  
res t r ic ted  t o  a cer ta in  range i f  aerodynamic forces are included i n  the 
treatment and the dr$ft-minimum principle is considered. 
aerodynamic forces or for  a neutrally s tab le  r i g i d  vehicle the d r i f t -  
minimum principle is sa t i s f i ed  for 
case = a. = 3.5. 
(ao = 0) would be approached. 
i s  only valid for  quasi-steady states.) 
consideration, the accelerometer is best  located i n  the v ic in i ty  of the 
center of instantaneous rotation, thus having a larger range of values 
avai lable . 
Case B: 

For changing control damping, the s t a b i l i t y  

Thus the control damping has the strongest e f fec t  on the 

It may be noted, however, that  due t o  other effect's, such as 

Without - a, . This would mean i n  our 

(This ef fec t  of loads reduction, however, 
For smaller a, values, a kind of load minimum 

Due t o  the drift-minimum 

In the following Case B, the s t a b i l i t y  boundary with 
respect t o  propellant sloshing i s  treated for  no accelerometer control. 
For ideal  accelerometer ( m a  >> l), the s t a b i l i t y  equation was  obtained 
i n  Section 111, paragraph 2. 
( A  = 0 ), and only an a t t i t ude  control system is used, the equations 
reduce t o  

I f  no accelerometer control is employed 

A 4  s 4  + A 3  8' + A 2  s 2  + A ~ s  4- A, 0 

where the  coefficients A h  
and the k hfrom t h e l h  by substi tuting for  = 0. The boundaries due 
t o  A 4  = 0 a re  

can be obtained from the equations 20a....e 

which resu l t s  i n  
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The s t ab i l i t y  boundary intersects the xs-axis i n  the values 1 -  

I 

I 
I obtained from equation 23 for ys = 0 and h = 0 and a re  

for %2 

2 
% 
aoW s2 

- ~r - 1  +r 1 

2 
W C  

For very small values of w ~ '  the s t ab i l i t y  boundary inter-  
sects  the + er of gravity (origin) and close t o  
the center af instantaneous on. Due t o  the  f ac t  that the xl,  

the value x2 changes of ub,+ and Q. Since I x  
this type of vehicle xg = 500 inches 

r values are proportional to t s r a t i o  P and (1 - C r )  respective 
I 
I is  of the s8me 

and I 4 = f x 1  is significant.  
c 

itude of r parameters i n  C a s e  B is given by 

I .  
I 

I f  no accelerometer control is employed ( h = 0), and only an 
a t t i t ude  control system is employed, it can be seen that  propellaat 
sloshing hae quite  same effect  on the s t ab i l i t y  of a r ig id  apace vehicle. 
Figure 8aW+bits the danger zone of a r ig id  spacecraft for  smallvslues  
of . It is approxiagtely between the center of instan- - 

a0 w s c  
taneous rotktion and the center of gravity. With increasing slosh mass 
r a t i o  p I the  s t ab i l i t y  i s  d e c r w i n g  in t h i s  region, i,e., more 
baffling has t o  be employed in the tank in order t o  maintain s tab i l i ty .  
Considering only the w a l l  fqict ioa of an unbaffled tank as contributing 

ing ( Ys = 0.02), ehicle is always stable for a 
gure 8b the influeace of an s t i o  of IJ. c 0.1%- 

i n  the circular  control fire 
the danger zone towards the 
was considered t o  be P = 0.1. The increase i n  the control frequency 
demands more baffl ing i n  the danger zone. For a control frequency of 
about twice the magnitude of the nominal control frequency of 0.3 
cycles/sec, about three times as mrrch damping has t o  be introduced i n  
the tank i n  order t o  maintuin s tab i l i ty .  The case of W c  > us 
is very unfavorable since it demands wen m e  baffling and exhibits 
a larger danger zone. 

dicates a rather strong increase of 
the craf t .  The sloshing mass r a t i o  

Keeping the control frequency a considerable 
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- 
P 

changes 
0.1 
0.1 
0.1 
0.1 

changes 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 

changes 
changes 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 
0.1 

* C  

2.0 
changes 

2 .o 
2.0 
2.0 

2.17 
changes 

2.17 
2.17 
2.17 
2.17 
2.17 

2.0 
2.0 

changes 
changes 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 
2.0 

0.7 
0.7 

changes 
0.7 
0.7 

0.7 
0.7 

changes 
0.7 
0.7 
0.7 
0.7 

0.7 
0.7 
0.7 
0.7 

changes 
changes 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 

TABU I1 

* S  

5.0 
5 .O 
5 .O 

changes 
5 .O 

5 .O 
5 .O 
5.0 

changes 
5.0 
5 .O 
5.0 

5.0 
5.0 
5 .O 
5.0 
5.0 
5.0 

changes 
changes 

5 .O 
5.0 
5 .O 
5.0 
5.0 
5.0 
5.0 
5.0 
5.0 

~~ 

a 
0 

3.5 
3.5 
3.5 
3.5 

changes 

3.5 
3.5 
3.5 
3.5 

changes 
3.5 
3.5 

3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 

changes 
changes 

3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 

h 

0 
0 
0 
0 
0 

1.0 
1.0 
1 .o 
1.0 
1.0 

changes 
1.0 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

changes 
changes 
1.0 
1.0 
1.0 
1.0 
1.0 

w a  

- - - - - 
- - - - - - - 
55 
12 
55 
12 
55 
12 
55 
12 
55 
12 
55 
12 

changes 
55 
12 
55 
12 - 

Ea 

- - - - - 
7 

0 
0 
0 
0 
0 
0 
0 

0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 
0.7 

changer 
cbangei 
0.7 
0.7 

- 
X a - - - - - - - - 
-240 - 240 
-240 
-240 
-240 - 240 

hanges 

-240 - 240 - 240 
-240 
-240 
-240 
-240 - 240 - 240 
-240 
-240 - 240 - 240 
-240 - 240 
changt 
changt 

- - 

- 

*re 

8a 
8b 
8c 
8d 
8e 

9a 
9b 
9c 
9d 
9e 
9f 
9g 

10a 
10c 
10d 
10e 
10f 
w 3  
10h 
101 
lOj 
10k 
10 1 
10m 
10n 
10 0 
lo& 
10r 
lOS&t 

- 



amount below the  f i r s t  sloshing d e  frequency with re la t ive ly  l o w  
damping i n  the tank avoids instabi l i ty ,  and keeps the danger zone 
res t r ic ted  to the approximate region between the center of gravity and 

taneous rotation. For a sloshing mas i o  of 
in ta in  s t a b i l i t  long as 
The change of control 

t exhibits the folloving tread: 
ng ( C C  <l), the  s t ab i l i t y  is 

zone, i.e., more damping hae to be introduced 

For increasing supercr i t ica l  control damping( h> 1 ) 
t o  maintain s tab i l i ty .  
the control damping. 
the s t ab i l i t y  is increasing, Le,, less damping is required i n  tank 

'locations in the danger zone. Ho baffling is required for  a sloshing 
mas8 of P =+ 0.1 in the danger zone, i f  the control damping Sc I 0 3  
or i f  cc 2'2.5.' 
W c  = 2, 5 = 3.5, simple at t i tude control system with lead net work), 

the  w a l l  f r i c t ion  i n  the tank is suff ic ient  t o  maintain s t ab i l i t y  for  
a r ig id  space vehicle of the Saturn type, 
always presents i t s e l f  t o  the design engineer is the probleat of tank 
design. Tanks with large diameters exhibit  low sloshing frequencies 
which are i n  many cases too close to  the control frequeacy of the 
vehicle, Providing .parti t ions i n  the tank or  clustering the tanka 
increases not only the sloshing frequency but also reduces the sloshing 
.mass considerably. 
frequency is shown. 
c ra f t  for decreasing s losh frequency which decreases the s t ab i  
considerably. An increase bf the slosh frequency enhaares the 
i .e, ,  decreases the danger zone and reduces the amount of baffl ing 
necessary t o  maintain s tab i l i ty .  For the treated case of a r ig id  space 
c r a f t  with a sloshing mass r a t fo  of Cr = 0.1, the w a l l  f r i c t ion  w i l l  be 
suf f ic ien t  to maintain s t ab i l i t y  a t  any tank location i f  the natural 
sloshing frequency is above3.O cycles/sec. 

The danger zone is unchanged by the change of 

This meaps that for  the  parameters considered (% = 5.0., 

A further question that 

In Figure 8d.the e f fec t  of the change of the sloshing 
The danger zone increases toward the a f t  of the 

Tbe control factor a. of the  a t t i tude  control systems exhibits a 
s l igh t  decrease of the danger zone toward the base of the craft and a 
s l igh t  decrease in s t ab i l i t y  for decreasing values (Figure 8e). 

Case C: - 
The s t ab i l i t y  boundaries wi th  c t  to  propellant s 

treated for an accelerometer controlled space c ra f t  employi 
accelerometer (%>> 1) i n  addition t o  the control system of the 
previous C a s e  B. The boundaries due t o  A 6  - 0 are given by equation 23a. 
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From th i s  it can be seen that the l e f t  and r ight  boundaries depend 
strongly on the accelerometer locations xa and the accelerometer gain 
values A . The mass r a t i o  is also of some importance, especially for  
the l e f t  boundary, i.e., for the negative sign i n  front of the square 
root. 
spacecraft and therefore not indicated. 

For mst of the treated cases these boundaries are beyond the 

Figure 9a exhibits the influence of increasing slosh mass ra t io .  
The most favorable gain value A = 1.0 
controlled space vehicle was employed. 
considerably t o  a very short zone below the center of instantaneous 
rotation where w a l l  f r ic t ion  for the liquid i n  the tanks already i s  
suff ic ient  t o  maintain s tab i l i ty .  
frequency above the slosh frequency resul ts  i n  a decrease i n  s t ab i l i t y  
and an increase of the danger zone towards the base of the c raf t .  Due 
t o  ideal accelerometer control, however, the damping necessary t o  obtain 
s t ab i l i t y  for sloshing mass of 10% of the vehicle mass is very small, 
even i n  the case when the control frequency is  twice the sloshing 
frequency. For W, = 5.0 radians/sec and Wc - 10.0 radians/sec the 
necessary damping 7s - 0.01, (Figure 9b). The change of the control 
danping exhibits the same behavior as i n  the previous Case 
decreases the s t ab i l i t y  for increasing subcri t ical  damping and increases 
the s tab i l i ty  for increasing supercrit ical  damping. 
already small danger zone is hardly recognized, (Figure 9c). 
slosh frequency is below the control frequency us 
is large and covers nearly the complete regionkhind the center of 
instantaneous rotation. 
s t ab i l i t y  (Figure 9d). For increasing slosh frequency, a considerable 
decrease i n  the danger zone is  noticed and an increase i n  s t ab i l i t y  i s  
obtained. 
by change of the a t t i tude  control value aO. 
value A = g2g 
of the vehicle. I n  Figure 9f it can be seen that, for  A < 1, the 
danger zone is  behind the center of instantaneous rotation and i s  
increasing towards a value s l ight ly  behind the center of gravity as -h 
approaches the value zero. 
danger zone while A is  decreasing. For increasing A > 1, the danger 
zone sh i f t s  forward of the center of instantaneous rotat ion and increases 
the magnitude of the zone and the required damping for  tanks i n  th i s  
location. From a certain value A > 1.5 on, propellant motion i n  a l l  
tanks i n  front of the center of instantaneous rotation leads t o  
ins tab i l i t i es  w h i l e ,  for tanks behind the center of instantaneous 
rotation, the motion of the propellant is  s t ab le .  The value h = 1 is 
the most favorable gain for  which a l l  other parameter changes were 
performed. 
accelerometer upon the s t ab i l i t y  can be seen. For the most favorable 
gain value A =  1, the change of the location of the accelerometer did 

for  an ideal accelerometer 
The danger area is  decreased 

The increase of the control 

. It 

The effect  i n  the 

< W C ,  the danger zone 
I f  the 

Small dasnping, however, already guarantees 

Figure 9c shows that no appreciable s t ab i l i t y  is encountered 
The accelerometer gain 

has a very pronounced influence on the s t ab i l i t y  behavior 

A loss i n  s t a b i l i t y  takes place i n  the 

Xn Figure 9g, the influence of the location of the 

\ 

i .  

L 
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not lead t o  ins tab i l i t i es .  For other gain values, however, the 
location of the accelerometer def ini te ly  has an influence on the 

gain values&rger than 1.5, the f luid motion in  a l l  
ous rotat ion exhibits strong in- 

t ions behind the center of gravity. 
front of the cente 
acceletameter is . For gain valu 

lity boundary is similar t o  that one 
without accelerometer control. The previous resu l t s  are only val id  
for  an ideal accelerometer, whichmeans for  an accelerometer frequency 
of large value (&a >> 1). For an accelerometer with vibrat ional  
charac te r i s t ics% and S;a 
behavior is quite different  from that of an ideal  accelerometer 
depending, of course, mainly on the value of its natural frequency, 
The range of par-ter changes, can be depicted from Table 11. Two 
circular  frequencies for  the accelerometer were treated ”$ = 12 and 
55 radians/sec. In Figure loa, the influence of increasing s losh maas 
r a t i o  can be s ecraf t  with additional accelerometer coxttrol, 
where the acce a circular natural  frequency of W a  = 55 
rad i  wan 1 dampiug of b = 0.7. With increarling 
s 10s s rat er zone incrases aft of the  center of 
instantaneous r the s t ab i l i t y  decreases, That is, in the 
danger zone more needed t o  maintain s tab i l i ty .  l t  can be 
noted, however, that for  w a l l  f r ic t ion  only( Ys = 0.  253, the vehicle 
is s tab le  for  sloshing mass r a t i o  CI. <0.3@, 
value t o  
of circular  natural  frequency of W a  - 55 radians/sec, no in s t ab i l i t i e s  
are obtained for slosh mass ra t ios  of Cr<0.21 (Figure lob). For larger 
slosh mass ra t ios  the vehicle becomes very strongly instable. 
be noted that the s t ab i l i t y  curve breaks off at the l e f t  a t  the 
indicated values, thus pointing out the ins tab i l i ty  beyond t h i s  point. 
For low accelerometer frequency (Wa = 12 radians/sec), the s t a b i l i t y  
sktuation is becoming very hopeless from the standpoint of sloshing 
(Figure 1Oc). Sloshing is even excited by the accelerometer control 
and creates a s i tua t ion  which is worse than i n  a c ra f t  with simple 
a t t i t ude  c0~tr01 only. 
increase with increasing slosh mass ra t io ,  V e  high baff l ing would 
be necessary i n  order t o  maintain s tab i l i ty .  
t h i s  case is about three t o  four times larger than i n  the case without 
accelerometer control. From this we can conclude tha t  the accelerometer 
frequency should be w e l l  apart from the slosh control frequeFy. With 
increasing gain value A ,  this si tuat ion is  becoming even more un- 
favorable, i.e., the danger zone is increasing over almost tbe ent i re  
vehicle and s tabi l i ty-  requires tremendous damping values . Figure 1Od 
exhibits the ef fec t  of the change of the control frequency for  a 
vehicle with an accelerometer frequency ofua - 55 radians/sec. An 

(noted as a real accelerometer) the s t a b i l i t y  

Increasing the gain - 1.5 ( an optimal value for  stabi1ity)with an accelerometer 

It may 

The danger zone is increased and continues t o  

The damping required i n  
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increase of the control frequency below the slosh frequency decreases 
the danger zone s l ight ly ,  while an increase of the control frequency 
above the slosh frequency increases the danger zone towards the a f t  of 
the c raf t .  The damping during the increase of the control frequency 
remains comparatively small (7, 
frequency of ma = 1 2  radians/sec, the s t ab i l i t y  behavior can be seen 
i n  Figure 1Oc. Increase of the control frequency resul ts  i n  a decrease 
of the danger zone and an indrease i n  s tab i l i ty .  
pronounced than in  the previous case and the vehicle i s  less s table  for 
equal control frequencies i n  comparison with the case of Wa = 55 radians/ 
sec. Figure 10f exhibits the influence of control damping. Increasing 
control damping decreases the danger zone and increases the s tab i l i ty .  
For the use of the low accelerometer frequency Wa = 12 radians/sec, 
the s tab i l i ty  behavior can be seen i n  Figure log, which exhibits, for 
increasing subcrit ical  damping, decreasing danger zone and increasing 
s t ab i l i t y ,  while for increasing supercrit ical  damping increase of the 
danger zone and loss of s t ab i l i t y  area are encountered. 
c r i t i c a l  damping, however, seems unfavorable i n  both accelerometer 
frequency cases; especially i n  the low accelerometer frequency case more 
baffling has to  be applied in  order to  maintain s tab i l i ty .  
of changes in the sloshing frequency is  shown in  Figure 10h and 101. 
Slosh frequencies below the control frequency exhibit a large danger 
zone from a value s l igh t ly  i n  front of the center of instantaneous 
rotation almost t o  the base of the spacecraft. 
frequency ( W a  - 1 2  radians/sec), t h i s  is  even more pronounced. 
Increasing slosh frequency shows a decrease i n  the danger zone and an 
increase i n  s tab i l i ty .  
frequency us > W c  decreases the s t ab i l i t y  and increases the danger 
zone towards the base of the c raf t  again. 
frequencies, these effects a re  more magnified. 
in  the vicini ty  of the accelerometer frequency, the s t ab i l i t y  i s  de- 
creased and the danger zone is increased. 
a t t i tude  control system has only very small influence upon the s t ab i l i t y  
boundary for an accelerometer frequency ua 
large compared t o  the control frequency WC 2 radians/sec (Figure l O j )  
The danger zone is  only a short length behind the center of instantaneous 
rotation. With the wall f r ic t ion  damping value ( TS o 0 . 0 2 ) ,  the 
vehicle is already stable for the given parameters. 
meter frequency ( %  - 12 radians/sec) a small effect  can be observed. 
The danger zone and s t ab i l i t y  region, however, a re  unfavorable (Figure 1Ok). 

- 0.01 and less). For an accelerometer 

The effect  i s  more 

Low sub- 

The effect  

For low accelerometer 

Increasing slosh frequency above the control 

For low accelerometer 
For a slosh frequency 

The gain value a. of the 

= 55 radians/sec which i s  
= 

For small accelero- 

Figure 10 1 and 10m exhibit the influence of the change of the 
accelerometer gain value A = gpg. For an accelerometer frequency of 

= 55 radians/sec, an increase of the gain value t o  about A 
enhances the s t ab i l i t y  and decreases the danger zone to  a very small 
region between center of instantaneous rotation and the center of 
gravity. Further increase of A extends the danger zone i n  front of the 

wa = 1.5 
. 
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center of instantaneous rotation. The larger A becomes, the more 
baff l ing is  required, 
radians/sec, the s i tua t ion  is  quite different.  
value, the danger zone increases from the center of instantaneous 
rotat ion t o  the a f t  of the craf t .  

I f  the accelerometer frequency is only Wa = 12 
For increasing gain 

Very strong damping %n the tanks 
n order t o  maintain s t ab i l i t y .  Further increase8 

t still  require 
the case of a 1 

ient  for  s tab i l i ty .  
ed for the case of low accelerometer 

A damping twenty to 
th i r ty  t i e s  large 
frequency, Again we can cohclude that large accelerometer frequency . 
eliminates the greatest part of the problem. To obtain the influence 
of the very important parameter, the natural  frequency of the accelero- 
meter, Figure lOn, shows that for  increasing accelerometer frequency, 
the danger zone enlarges and requires more damping. 
frequency for 5 > 2, a decrease of the danger zone and an 

wS 
i n  the s t ab i l i t y  area are noticed. 

Above the s l  

The larger the r a t i o  5 the less 
tain s tab i l i ty .  U S  

The fncreaas-of of the acceleronreter exhibits an 
requires more damping i n  the tanks 
r small accelerometer frequencies 
It can be noticed that from Mce the 

critical damping on, for  small ackelerometer frequency m a  = 12 
radians/sec, a fur ther  increase of the accelerometer damping s l igh t ly  
decreases the danger zone and s l igh t ly  enhances the s tab i l i ty .  
important parameter i n  the design of a control system is the location 
of an accelerometer as indicated in  l igure  lor, 108, and lot. 
location of the accelerometer behind the center of gravity must be 
avoided, 
accelerometer, any location in  front of the center of gravity requires 
low damping only for s t ab i l i t y  in a small danger zone. For an 
accelerometer frequency % - 1 2  radians/sec, a location of an 
accelerometer behind the center of gravity requires high baffl ing i n  
the tanks between the base and the center of instantaneous rotation. 

e of the vehicl  

A very 

A 

For a natural  frequency of Wa - 55 radians/sec of the 

t ing of the accelerometer towards the 
decr-es the danger z A l l  these 

gid spacecraft. 
that  bending i n  an accelerometer-controlled craft: plays an important 
role.  Gain factor ,location of the accelerometer and the r a t i o  of 
the bending frequency to  the acceler-ter frequency as w e l l  as t o  the 
control frequency have some defini te  influence. I f  the bending and 
control frequency are suff ic ient ly  apart ,  only negative bending dis- 
placements are permissible. 
f i r s t  mo bending modes a location i n  f ront  of the center of gravity, 
where both bending d e s  exhibit  negative deflection, is favorable. 
This location a l so  would remedy the sloshing problems with l i t t l e  

It should, however, be noted 

This indicates that for the control of the  



30 

baffling, but since it exhibits limitations in magnitude due to rigid 
body. control (Case A), it must be treated with care with respect to 
the gain value of the accelerometer. 

V. CONCLUSION 

For spacecraft of increasing size, the influence of propellant 
sloshing upon the stability becomes more pronounced. 
unstable spacecraft create loads and require control torques, which 
can be a potential hazard to the flight performance of the vehicle. 
Therefore, artificial stabilization such as angle-of-attack meter and/or 
accelerometer control is employed. This helps to alleviate the required 
control deflections of the gimbal engines, jet vanes, or air vanes. For 
a given configuration, the control requirements are strongly dependent 
upon the gain settings of the control system (attitude and accelerometer 
control). Sloshing propellant requires additional control torques. In 
order to minimize this effect, proper choice of the cofitrol values, 
tank forms,lank location, and, as a last resort, baffles will enhance 
the stability situation. The amount of sloshing mass is determined 
by the tank geometry, the mass density of the propellant, and ,the 
liquid height. 
important role. 
space vehicle with additional ideal accelerometer control lead to 
optimistic results concerning the baffling of the tanks in order to 
maintain stability. 
frequency; therefore, the relation of control7sloshing-and accelero- 
meter frequency are of utmost importance, 
propellant sloshing, rigid body stability can be obtained for any 
location of the accelerometer along the vehicle. 
requirements, however, demand certain values for the gain A =(g2.g), 
which can only be obtained in front of the instantaneous center of 
rotation. It should be noted, however, that for bending mode 
stability, the accelerometer should be located between the front nodal 
point and the center of instantaneous rotation for bending frequency 
of at least three to five times the control frequency. In most cases, 
a simple cdntrol system such as that considered here in the rigid 
body analysis cannot be employed in bending feedback analysis without 
additional phase shaping in the network. 

Aerodynamically 

The tank location, i.e., slosh mass location, plays an 
The conclusions drawn from the results of a rigid 

An actual accelerometer has its own natural 

Without consideration of 

Drift minimum 

For W C  < WS << Wa the amount of damping required in the 
tanks in order to maintain stability decreases considerably. One 
further advantage of an accelerometer controlled vehicle is the 
decrease of the danger zone, i.e., the zone where, for a sloshing mass 
being located, a baffle of appropriate damping characteristic has to 
be ictroduced to obtain stability. This danger zone was for values 

C 1 for a rigid vehicle with simple attitude control wc .= 
U S d  4 

L 

6 .  
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system with lead network approximately between the center of gravity 
and the  center of instantaneous rotation. With additional accelerometer 
control,  this danger zone can be decreased i f  the accelerometer frequency 
is large enough ( % >> W, ). 
(aa a 5 to 1 0 * W c )  

summarized: 

1. 

For amal l  accelerometer frequency 
the danger zone is enlarged for  decreasing W a  . 

f the various parameters w i l l  be In the. following 

a. Without acceletametez control: increasing slosh mass r a t i o  
e baffling. The danger zone is 

for values e ly  between the center of gravity and 

c: increasing slosh mass r a t i o  
decrease8 t more baffling. The danping- re* 

hs of that  of a r ig id  vehicle w i t  
zone is decreased t o  three-fifths 
t accelerometer control (s tar t ing 

a f t  of the cr 

s losh mass r a t i o  
decreases the s t a b i l i t y  and requires =re baffling. Ten times as much 

. damping is  needed i n  the tanks compared with the case of accelerometer 
frequency (4a = 55 radians/sec. Even f ive  times as much damping has t o  
be introduced i n  the tanks compared with the resu l t s  of a space vehicle 
without accelerometer control. !Chus it can be concluded that no 
accelerometer control should be employed rather  than one with too low 
a mtu ra l .  accelerometer frequency. 
for  a system without accelerometer control and increases towards the 
a f t  of the c r a f t  for  increasing slosh mass ra t fo  .(Figure 1Oc). 

The danger zone is even larger than 

3) Ideal  accel ter: an ideal  accelerometer 
eliminates the danger zone almost completely except for  a small region 
at  the center of instantaneous rotation, where w a l l  f r i c t ion  is already 
suff ic ient  t o  maintain s tab i l i ty .  
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I 2. Control Frequency Q~ 

a. Without accelerometer control: increase of the control 
frequency decreases the s t ab i l i t y  and increases the danger zone toward 
the a f t  of the vehicle. Furthermore i t  requires stronger baffling. 
The situation becomes worse for control frequencies larger than the 
slosh frequencies (Figure 8b). 

b. With Accelerometer Control 

1) a - 55 radians/sec: increasing control frequency 
decreases the s t ab i l i t y  s l ight ly  and increases the danger zone toward 
the base of the craf t .  The baff le  requirements are very low compared 
t o  the case without accelerometer. 
i s  already sufficient t o  maintain s tab i l i ty .  

Figure 10d shows that w a l l  f r i c t ion  

2) wa = 12 radians/sec: decrease of the control 
frequency decreases the s t ab i l i t y  and also increases the danger zone 
toward the a f t  of the vehicle (Figure 10e). 

3) Ideal accelerometer: increase of the control frequency 
decreases the s t ab i l i t y  and increases the danger zone t m r d  the base 
of the  vehicle (Figure 9b). Again as i n  the cases 1) and 2), the baff le  
requirements a re  smaller than i n  the case without accelerometer control. 
Except for  a control frequency of a 
baffling i s  required i n  the case without accelerometer control for  

wa = 12 rsdians/sec, the same 

Wc = 10 radians/sec. 

SC 3. Control Damping . 
a. Without accelerometer control: increasing subcri t ical  

control damping decreases s t a b i l i t y  whereas increasing supercr i t ical  
damping increases the s tab i l i ty .  
less baffling (Figure 8c) 

Supercrit ical  control damping requires 

4 

b. With Accelerometer Control . 
1) a, = 55 radians/sec: increasing subcri t ical  

damping increakes the s t ab i l i t y  and decreases the danger zone. 
Increasing supercrit ical  damping increases the danger zone and decreases 
the s tab i l i ty  sl ightly.  
small for  a l l  control damping values. 
i n  the case without accelerometer control (Figure 10f). 

The baffling required i n  the tanks is very 
It i s  of the same magnitude as 

2) = 12 radians/sec: increasing subcri t ical  control 
damping increases the s t ab i l i t y  and decreases the danger zone. 
increase i n  supercrit ical  damping f i r s t  increases the s t a b i l i t y  and 
decreases the danger zone, but around the propellant sloshing frequency, 

An 



it decreases the s t ab i l i t y  and increasesathe danger zone toward the a f t  
of the vehicle. The damping values required for  s t ab i l i t y  are at least 
two to  three times larger than thaee of the two previous cases (Figure log). 

.I 

3) Ideal  accelerometer: for the particular gain value 

the same as in the case with no accelerometer 
of h = 1 the change of control damping f c  has pract ical ly  no influence. 
“he trend, hawever, 
control (Figure 9c). 

4. Sloshing Freuuency 0 s  

a. Witbut  accelerometer control: increasing slosh frequency 
enhances the s t ab i l i t y  and decreases the  danger zone. 
quencies below the control frequency the danger zone is the en t i re  
length behind the center of instantaneous rotat ion and requires con- 
siderably more damping i n  order t o  maintain s t ab i l i t y  (Figure 8d) . 

For slosh fre- 

b. With Accelerometer Control 

1) W a  = 55 radhns/sec: for  the slosh frequency 
below the control frequency, the danger zone is enlarged and the 
s t ab i l i t y  is decreas sing slosh frequency, the danger 
zone f i r s t  decreases l i ty  increases s l ight ly ,  Further 
increase i n  the sloshing frequency toward the accelerometer frequency 
decreases the s t a b i l i t y  and incr s the danger zone (Figure 1Oh). 

2) D, radians/sec: this case exhibits the 
same behavior (Figure 10) except for about three times larger damping 
being required t o  maintain s tabi l i ty .  

3) Ideal  accelerameter: increasing the sloshing 
frequency s l igh t ly  decreases stabi l i ty .  
control frequency increases the danger zone and decreases the s t ab i l l t y  
(Figure 9d). 

Sloshing frequency below the 

5 .  Gain Value a, of the Attitude Control System 

a. Without accelerometer control: a decrease i n  the gain b 

value a, decreases the s t ab i l i t y  and increases the danger zone. 
however, of s l igh t  e f fec t  (Figure 8e) . It is, 

b. With Accelerometer Control 

1) wa = 55 radianslsec: change of a, exhibits 

2) a, = 12 radians/sec: the cbange of a. also shows 

pract ical ly  no ef fec t  (Figure 103) 

only minor effects.  Increasing a. decreases the danger zone s l igh t ly  
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and causes a minor increase i n  s t ab i l i t y .  
three t i m e s  as large as i n  case 1) and half as large as i n  the case 
without accelerometer control. 
that of the case 1) and about twice as much as i n  the case with no 
accelerometer control. 

The danger zone was  already 

The damping required is  about ten times 

3) Ideal accelerometer: the change of a, has pract ical ly  
no influence . 

6 .  Gain Value, = g g , of Accelerometer 

a O w a  = 55 radians/sec: for  increasing gain value A ,  the  
danger zone between the center of instantaneous rotat ion and the center 
of gravity decreases accompanied by increasing s t ab i l i t y .  - 1.5 
the optimum seems t o  be reached. 
the danger zone is i n  f ront  of the center of instantaneous rotat ion and 
requires increased baffl ing (Figure 1Ok) . 

A t  A 
For further increasing gain value h 

b. us = 1 2  radians/sec: for  increasing gain value the 
danger zone is increasing a f t  of the center of instantaneous rotat ion 
and requires excessively large baffling. 
with a low natural  frequency has detrimental effects  upon the s t a b i l i t y  
(Figure lorn). 

Any accelerometer control 

C. Idea l  accelerometer: for  increasing gain value , the 
danger zone between the center of instantaneous rotat ion and the center 
of gravity of the vehicle is  decreased and the s t a b i l i t y  is increased. 
Here = 1.0 seems t o  be the optimum va1ue;while for  further increase 
of 
rotat ion and requires more damping i n  order t o  maintain s t a b i l i t y  (Figure 9f). 

, the danger zone increases i n  f ront  of the center of instantaneous 

7. Accelerometer Frequency W, 

Increasing accelerometer frequency decreases the s t a b i l i t y  and 

i.e. for  values of the accelerometer frequency 
increases the ger zone behind the center of instantaneous rotat ion 
for  values of 
beam the sloshing frequency. For further increase of the accelerometer 
frequency, the s t a b i l i t y  enhances and the danger zone decreases. For 
ideal  accelerometer control ( W a  + 00 ), the  danger zone is  diminished 
t o  a small region about the center of instantaneous rotat ion,  where 
pract ical ly  no baffl ing is required t o  maintain s t a b i l i t y  (Figure 1On). 

< I 

t 
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8 .  Accelerometer Dam iap r. a 

a. * 55 radianelsec: an increase of accelerometer 
the danger zone a f t  the center of 

instantaneous r and a decrease i n  s t ab i l i t y  (Figure 10 0) .  

Increase of acceler anre ter 
t the cent instantaneous 
for  subcr i t ica l  and low super- 
dampingfa > 2 further increase 
The danger zone for  corresponding 

damping values is larger than in  the previous case w a  = 55 radians/sec 
for  f a  < 3 and vice versa for & > 3 . For low subcr i t ica l  
damping, t he  required baffl ing is approximately the same in  both cases 
( Wa - 55 and wa = 12 radians/sec); w h i l e  for large subcr i t ica l  
damping, twice 8s much damping is needed i n  the tanks to maintain 
s t ab i l i t y  for the low accelerometer case. For low supercr i t ica l  
accelerometer damping, about four times as much baffling is needed; 
while for large supercr i t ical  damping only about twice as much baffl ing 
is  required i n  the tanlss colppated to Case A ( F i w e  lop and 1Oq). 

pposite effect .  

' k R l  ) 9. Accelerometer Locations Xa (or a - 
accelerometer location behind the 

1 ef fec t  on the s t ab i l i t y  and exhiblte 
i l i t y  inmediately i n  front of the  
This s t ab i l i t y  region increases center of instantaneous rotation. 

towards the nose of the  c ra f t  as the accelerometer location is maped 
from the a f t  of the vehicle towards the center of gravity. 
meter locations i n  f ront  of the center of gravity exhibit only small 
danger zones bemeen the center of instantaneous rotat ion and the  center 
of gravity,  *?e only s l igh t  baffling is required t o  maintain s t ab i l i t y .  
(Figure 10x1, w a l l  f r i c t ion  is i n  many cases already sufficient)  

Accelero- 

b. a, = 12 radianslsec: again, as i n  the low accelerometer 
frequency case, s t ab i l i t y  ia endangered. 
behind the center of gravity again exhibits detrimental e f fec ts  upon 
the s t ab i l i t y  and a danger zone which reaches from the center of instan- 
taneous rotatfon t o  the tail of- the vehicle. 
required t o  maintain s t ab i l i t y ,  
i n  f ront  of the center of gravtty, there is a need for  small baffling. 
The further the accelerometer is  shifted tmard  the nose, the less 
damping is required. 
the center of gravity and center of instantaneous rotat ion (Figures 10s 
and lot). 

Location of the accelerometer 

Large baffl ing would be 
But even for  an accelerometer location 

The danger zone decreases a l so  t o  one between 
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C. I d e a l  accelerometer: for  ideal accelerometer control the 
s t ab i l i t y  of the spacecraft is insensible t o  the location of the accelero- 
meter (Figure 9g). 
for  the particular accelerometer gain value A = 1.0. 
values A > 1 , accelerometer location i n  front of the center of gravity 
resu l t s  i n  instabi l i ty  for the tanks i n  front of the center of instantan- 
eous rotation, w h i l e  for a location behind the center of gravity a l l  
tanks behind the center of instantaneous rotation exhibit i n s t ab i l i t i e s ,  
which decrease with a further s h i f t  of the location of the accelerometer 
toward the a f t  of the c raf t  (Figure 9h). 
location toward the nose of the vehicle resu l t s  i n  less baffl ing 
requirement in the tanks i n  front of the center of instantaneous rotation. 
Enhanced s tab i l i ty  can always be obtained by changing the previous 
parameters and by proper choice of control values. 
can be reduced by special  selection of tanks for  the propellant. 
with a large fineness r a t i o  (fluid height over diameter ra t io)  exhibit 
small sloshing masses. A circular  cylindrical  tank compared with the 
same tank containing cross w a l l s  thus making four cylindrical  quarter 
tanks, exhibits a r a t i o  of the slosh masses of about 1: 3.3 which means 
that by introduction of quarter tanks, the sloshing mass can be reduced 
t o  one third,  Besides this the slosh frequency is  increasing thus 
shift ing the natural  liquid frequency into a bet ter  region (above the 
control frequency: ells > WC). For four c luster  tanks with circular 
cross sections compared with four quarter tanks, the sloshing r a t i o  is 
st i l l  1:1.6, which means that by the introduction of quarter tanks 
instead of four cluster tanks of equal volume, the sloshing mass can be 
reduced to  six tenths. 
sloshing masses appear i n  the quarter tank arrangement, which have only 
a s l igh t ly  different frequency, but can no longer be neglected. 
frequencies are  about 20% apart. 
and control damping is a matter of control system design (change of 
the gain value a, and a l ) ,  of the selection of center of gravity (which 
re f lec ts  on the swivel point location XE ), the moment of iner t ia  of the 
vehicle, and the longitudinal acceleration of the craf t .  
frequency can be increased by subdivision of the tanks i n  the longitudinal 
direction. 
danger zone and thus requires less baffl ing for s tab i l i ty .  
of accelerometer gain values and accelerometer location also play an 
important role. 

This, however, as in  a l l  previous cases is only valid 
For other gain 

A change of accelerometer 

The sloshing mass 
Tanks 

It should be noted, however, that additional 

These 
The change of the control frequency 

The slosh 

Large accelerometer frequency enhances the s t a b i l i t y  and the 
Proper choice 

t 
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VI. APPENDIX: 

1 Ipaoctel which describes t k  motion of the 
seen i n  Figure 1. This modal c 
and daaupe~a, a fixed mass WL 
w i t h  a moment of ineztia. I 

forces and m t s  as the 
a1 frequency as. the l i w i d .  
id motion as mechanical mode 
pendulrrm systems is givem in Reference 3 

of inertia and a iatb 

mass-spring-damper ags 
for cylindrical tanks with circular or annular cross sections. 
the results w i l l  be slnrmarized hers. 

Part of 

5 
m i o  of sloshing mass to liqui 

B. For a Tank with Annular Cross Section 

J 
In Figures 2 through 6, the sloshing mass % and height ratios 
are ihown versus the fluid height ratio 3 h hn lr 
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